On the basis of a seesaw-type mass
§1. Introduction
Why is the top quark mass m t so enhanced compared with the bottom quark mass m b ? Why is the u-quark mass m u of the order of the d-quark mass m d ? In most models, in order to understand m t ≫ m b , it is inevitable to bring in a parameter which takes hierarchically different values between up-and down-quark sectors. However, from the point of view of the "democracy of families", such a hierarchical difference seems to be unnatural. What is of great interest to us is whether we can find a model in which M u and M d are almost symmetric in their matrix structures and in their parameter values.
Recently, by applying the so-called "seesaw" mechanism 1) to quark mass matrix, 2) the authors 3) have proposed a model which provides explanations of both m t ≫ m b and m u ∼ m d , while keeping the model "almost" up-down symmetric. The essential idea is as follows: the mass matrices M f of quarks and leptons f i (i = 1, 2, 3: family index) are given by 1) where F i denote heavy fermions U i , D i , N i and E i , corresponding to f i = u i , d i , ν i and e i , respectively. They have assumed that the mass matrix m L (m R ) between f L (f R ) and F R (F L ) is common to all f = u, d, ν, e (i.e., independently of up-/downand quark-/lepton-sectors) and m R is proportional to m L , i.e., m R = κm L . The variety of M f (f = u, d, ν, e) comes only from the variety of the heavy fermion matrix M F (F = U, D, N, E). If we take a parametrization which gives detM U ≃ 0 in the up-quark sector, but which does not give detM D ≃ 0 in down-quark sector, the model can provide m t ≫ m b , keeping the model "almost" up-down symmetric because of the factor M 2) and λ is an enhancement factor with λ ≫ κ ≫ 1. Note that the inverse of the matrix O f is again given by the form 4) [(a unit matrix) + (a democratic matrix)],
i.e., O −1 5) where z i are normalized as z 6) in order to give the charged lepton mass matrix M e for the case b e = 0, i.e., M e = m 0 (κ/λ)Z 2 . They have obtained 3) reasonable quark mass ratios and CabibboKobayashi-Maskawa 6) (CKM) matrix parameters by taking κ/λ = 0.02, b u = −1/3,
However although they numerically evaluated the behavior of the CKM matrix elements to the parameters κ/λ, b f and β f , they did not give analytical expressions of the CKM matrix elements. Therefore, of their results, we cannot see which are results only for a special choice of the parameters and which are (almost) parameter-independent ones. For example, they predicted a value |V cb | = 0.0598, which is somewhat large compared with the recent experimental value 7) |V cb | = 0.041 ± 0.003. However, we cannot see whether the discrepancy is a fatal defect in this model or not. What is of great interest to us is to clarify the general features of the democratic seesaw mass matrix, without confining ourselves to the phenomenology of the quark masses and CKM matrix elements. It is also interesting to apply the model to other fermion systems, for example, to neutrino sector, a hypothetical fermion system, and so on. For this purpose, it is inevitable to obtain analytic expressions of the fermion masses m f i and the family-mixing matrix U f L for arbitrary values of the parameters b f and β f , and not to give such the numerical study as in Ref. 3) . In §3, we will give general expressions of the fermion masses m f i for arbitrary b f and β f , although the cases of b f = −1/3 and b f ≃ −1 have already been in Ref. 3) . In §4, we will obtain a general expression of the 3 × 3 family-mixing matrix U f L for arbitrary values of the parameters b f and β f .
Since the previous paper 3) put stress on the "economy of adjustable parameters" of the model, the predictions were done by adjusting only three parameters κ/λ, b d and β d . As a result, some of the predictions were in poor agreement with experiment. In the present paper, we will loosen the parameter constraints in the previous model 3) (we will bring two additional phase parameters into the model).
As a result, the predictability of the model decreases. However, the purpose of the present paper is not to improve the previous quark mass matrix model, but to investigate more general features of a democratic seesaw mass matrix model without confining ourselves in the quark mass matrix phenomenology.
As an application of our general study to the quark sectors, in §5, we will discuss analytical expression of the CKM matrix. In §6, we will give re-fitting of the CKM matrix parameters. Also, a possible shape of the unitary triangle V ud V * ub + V cd V * cb + V td V * tb = 0 in our model will be discussed. The final section §7 will be devoted to the summary and discussion. §2. Assumptions for the model In the present model, quarks and leptons f i belong to f L = (2, 1) and f R = (1, 2) of SU(2) L ×SU(2) R and heavy fermions F i are vector-like, i.e., F L = (1, 1) and
, which belong to (2, 1) and (1, 2) of SU(2) L ×SU(2) R , at energy scales µ = m 0 and µ = m 0 κ, respectively.
Let us summarize the fundamental assumptions in the previous paper 3) before starting our analytical study of the democratic seesaw mass matrix model.
[Assumption I] The 6 × 6 mass matrix M for the fermions (f, F ) has a would-be "seesaw" form 
where R 1 is an arbitrary rank-one matrix. The requirement that the matrix R 1 is a rank-one matrix is indispensable to realize that the choice detM F (b f ) = 0 makes a mass of only one fermion heavy, i.e., m t ≫ m c > m u with keeping m u ∼ m d . Note that at this stage, it is not necessary to assume that the matrix R 1 has a democratic form as defined by (1.2) . Without losing generality, we can take a favorite family-basis of the heavy fermions F = (F 1 , F 2 , F 3 ). However, in order to obtain the successful fitting of the quark masses and CKM mixings in Ref. 3) , the following assumption is essential.
[Assumption IV] When we choose the family-basis where R 1 takes the democratic form
If we take another family-basis (f ′ , F ′ ) = (Af, AF ), the mass matrix
Without losing generality, we can choose a basis on which
Therefore, Assumption IV can be replaced with the following expression: 
3 ) which consists of representations of the permutation group S 3 of three elements, i.e.,
where f i are fermion states in which m ′ L and m ′ R are diagonalized. In any expressions IV and IV ′ , it is essential that M F is given by a form
[(a unit matrix ) + (a democratic matrix)] on the family-basis on which m L and m R take diagonal forms. For a mechanism which generates such a democratic mass matrix, some ideas have been proposed: a permutation symmetry of three elements S 3 , 9) a composite model based on an analogy of hadronic π 0 -η-η ′ mixing, 10) a BCSlike mechanism, 11) and so on. However, the purpose of the present paper is not to investigates the origin of the democratic mass matrix form. We do not touch the origin of the form (2.4). In the numerical study for the quark sectors, the coefficient λ F will be assumed as λ U ≃ λ D ≡ λ Q = λ E , because the evolution effects of Yukawa coupling constants can be different according as the fermions have color or not, even if λ U = λ D = λ E at a unification energy scale.
As we stated in §1, in the present paper, we will loosen parameter constraints in the previous model and we will bring two additional phase parameters δ 2 and δ 3 into the CKM-matrix phenomenology. We assume that the Higgs bosons φ L and φ R couple to the fermions universally, but with the degree of freedom of their phases, as follows: 8) where y Li and y Ri are real parameters, and they are universal for the quark and lepton sectors. Therefore, the matrices m L and m R in (2.1) are replaced with 9) and m f R = m 0 κP f R Z, respectively, where P f L and P f R are phase matrices. For these phase parameters, the CKM matrix is dependent only on
Of the three parameters δ i (i = 1, 2, 3), only two are observable. Without losing generality, we can put δ 1 = 0. In the present model, the nine observable quantities (five quark mass ratios and four CKM matrix parameters) are described by the seven parameters (κ/λ,
. Since we put the ansatz "maximal top-quark-mass enhancement" according to the Ref.
3), we fix b u and β u at b u = −1/3 and β u = 0. However, we still possess five free parameters. In order to economize in the number of the free parameters, we will give some speculation on these parameters in the final section. On the other hand, since the phases δ 3). However, the previous expressions were only those for the cases of (b f = −1/3, β f = 0), and (b f ≃ −1, β f ≃ 0). In the present paper, we will give general expressions for arbitrary values of b f and β f . Note that for the case b f = −1/3 the seesaw expression (1.1) is not valid any longer because of detM F = 0. In Fig. 1 , we illustrate the numerical behavior of fermion masses m f i (i = 1, 2, · · · , 6) versus the parameter b f which has been evaluated from the 6 × 6 matrix (2.1) without approximation (the behavior of m f i with i = 1, 2, 3 has been illustrated in Ref. 3) . As seen in Fig. 1 , the third fermion is sharply enhanced at b f = −1/3 for β f = 0. The calculation for the case b f ≃ −1/3 must be done carefully.
For the case in which the seesaw expression (1.1) is in a good approximation, i.e., except for b f e iβ f ≃ −1/3, we can obtain simpler expressions of m f i :
where the functions c 
where 12) and for simplicity we have denoted b f and β f as b and β. Now let us apply the results (3.5)-(3.7) to the quark masses. Our interest is in the cases b f ≃ −1/3 and b f ≃ −1 whose values are favorable to the fitting of the up-and down-quark masses, respectively. The explicit expressions are as follows:
14)
17) 18) where the small parameters ε u and ε d are defined by
Here, we have taken β u = 0, because top-quark enhancement is caused only for the case of β u = 0 (see Fig. 1 ). For down-quark masses, we have shown only the expressions for b d ≃ −1 and 1 ≫ sin β d = 0, because from the numerical study in Ref.
3), we know that the observed down-quark mass spectrum is in favor of
The expressions (3.13) -(3.19) lead to the following relations which are almost independent of the parameters κ/λ (λ 20) 
The expressions (3.20) and (3.23) have already been given in Refs. 12) and 3), respectively. However, note that these relations are valid only for small value of ε u and ε d , and not for general value of b f . In the limit of unbroken SU(2) L ×SU(2) R , i.e., m L = m R = 0, heavy fermion masses m F ′ i are given by
where F ′ i are mass-eigenstates for the mass matrix M F = m 0 λ F O f . As seen from (3.24), the minimum condition of the sum of the up-heavy-quark masses leads to β u = 0 and b u = −1/3. Therefore, the ansatz "maximal top-quark-mass enhancement" can be replaced by another expression that the parameters (b u , β u ) are fixed such that the sum of the up-heavy-quark masses becomes a minimum.
For the case of Z = 0, the heavy fermion masses are given by and κ is of the order of m(W R )/m(W L ), we can expect the observation of the fourth up-quark u 4 at an energy scale at which we can observe the right-handed weak bosons W R .
§4. General expression of family-mixing matrix
We diagonalize the 6 × 6 mass matrix M, (2.1), by the following two steps. As the first step, we transform the mass matrix M into
At the second step, we diagonalize the 3
where
where the phase matrix P is defined by (2.11) and terms with the order of λ −2 which come from the f -F mixing have been neglected. 4) where the functions p f ≡ p(b f , β f ) and q f ≡ q(b f , β f ) are given by 6) with the relation c
The next leading terms ε f i and ε f ij are obtained by putting the expression (4.4) 
14) (4.18) Therefore, for the cases b f = −1 and b f = −1/2, the expression (4.4) is valid only for the cases 19) and sin 20) respectively. For down-quark sector, we know that b d ≃ −1 and |β d | ≃ 20
• from the phenomenological study 3) of the quark mass ratios. The value |β d | ≃ 20
• satisfies the condition (4.19) , so that we can use the expression (4.4) for the down-quark sector. The expression (4.4) is not valid for the cases b f = −1 and b f = −1/2 with β f = 0, which do not satisfy the conditions (4.19) and (4.20) . The expressions for these cases are given in Appendix A. §5. CKM matrix elements
The CKM matrix elements V ij are given by (4.3) . Without losing generality, we can take
For the up-quark sector, we put an ansatz "maximal top-quark-mass enhancement", i.e., we assume that b u = −1/3 and β u = 0. Then, from (4.5) -(4.16), we obtain 2) and ε 4) with ε 
7)
In, (5.1), we have taken δ 1 = 0 without losing generality. We suppose that δ 2 is also δ 2 ≃ 0. For δ
, the relations we must impose a constraint .13), we obtain the relation
approximately takes one, so that we obtain the relation for the case of 20) which is valid for arbitrary value of (δ 3 − δ 2 ). On the other hand, values of |V td |, |V cb | and |V us | must be carefully estimated because those contain the small factor c 21) which is sensitive to the values of ε d and β d . The rephasing invariant 14) J is expressed in terms of |V ij | as follows:
By using (5.20) and the observed fact |V us | 2 ≫ |V cb | 2 ≫ |V ub | 2 , we obtain
. (5.25) In order to explain the observed value 7) of |V cb | (5.26) the case δ 3 − δ 2 ≃ 0 is obviously ruled out because of z 2 /z 3 = m µ /m τ = 0.244 and c d 2 ≃ 1, and, rather, the case δ 3 − δ 2 ≃ π is favorable to (5.26) . By putting
we obtain
Similarly, for the case |δ 2 | 2 < |δ| 2 ≪ 1, we obtain Although the purpose of the present paper is not to give the numerical estimates, in order to complement the study of the previous section, in the present section, we shall give a numerical study of |V ij | without the restriction δ 2 = δ = 0.
As the numerical inputs, according to Ref.
3), we use κ/λ = 0.02,
• , which are required for a reasonable fit with the observed quark masses. Our interest is in the behavior of |V ij | versus the phase parameters δ 2 and δ 3 defined by (2.10) [(5.1) ], because in the previous study, 3) the degree of freedom of the phases (δ 2 , δ 3 ) was not taken into consideration. In Fig. 2 , we illustrate the allowed regions of (δ 2 , δ 3 ) which give the observed values 7) of |V us |, |V cb | and |V ub |:
We have two allowed regions of (δ 2 , δ 3 ): we obtain the predictions
and
In Fig. 3 , we show the possible unitary-triangle shape of the present model on the (ρ, η) plane, where (ρ, η) are the Wolfenstein parameters 16) defined by V ub ≡ |V us ||V cb |(ρ − iη), V us = |V us | and V cb = |V cb |. The vertex (ρ, η) moves on the circle which is denoted by the solid line in Fig. 3 In conclusion, we have obtained the analytical expressions of the masses and mixings of the light fermions f in the democratic seesaw mass matrix model (2.1).
The fermion mass ratios are controlled by the parameters b f , β f and κ/λ F , as shown in Fig. 1 . We have fixed the parameters (z 1 , z 2 , z 3 ) by taking b e = 0 as given in (1.6) . The model can yield a large enhancement of top-quark mass, m t ≫ m b (keeping m u ∼ m d ), without taking hierarchically different values of mass matrix parameters in the up-quark sector. In the region of (b u ≃ −1/3, β u ≃ 0) in which large top-quark-mass enhancement occurs, the mass relation (3.20) , m u /m c ≃ 3m e /4m µ , is valid almost independently of the parameter κ/λ F (F = U). The value of κ/λ U is fixed by the observed values of m c /m t . The observed downquark mass values are in favor of b d ≃ −1 with a small β ×(3b f + 2 cos β f + 9 − 8 cos 2 β f )(3b f + 2 cos β f − 9 − 8 cos 2 β f ) , (7.3) the maximal points of r f are given by 4) and In addition to the solutions (7.4) and (7.5) , the remaining solutions of (7.3), b f = 0 and b f = − cos β f /2 ≃ −1/2, are also interesting. The former b f = 0 corresponds to the case of the charged lepton sector. The latter b f ≃ −1/2 is favorable to understanding a large neutrino mixing which has been suggested from the atmospheric neutrino data, 19) as pointed out in Ref. 20) (also see (A.1) in
The purpose of the present paper is to obtain analytical expressions of fermion masses and mixings for convenience of further investigating of the democratic seesaw mass matrix model. The model brings many new aspects beyond the conventional mass matrix models, and it seems to be worth while investigating the model furthermore.
for b f = −1 and β f = 0. 
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